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1 Introduction 

The derivative formula enables one to derive explicit gradient estimates; while the Harnack 
inequality has been applied to the study of heat kernel estimates, contractivity properties, 
transportation-const inequalities and properties of the invrainat probability measures, see 
e.g. [331 El EH] an d references within (see §4.2 for some general results). 

Recall that Bismut's derivative formula of elliptic diffusion semigroups [5], also known 
as Bismut-Elworthy-Li formula due to [lUj . is a powerful tool for stochastic analysis on 
Riemannian manifolds and has been extended and applied to SDEs (stochastic differential 
equations) driven by noises with a non-trivial Gaussian parts, see e.g. [3D] and references 
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within for the study of diffusion-jump processes. But, up to our knowledge, explicit derivative 
formula relying only on the Levy measure is not yet available. 

On the other hand, by using couplings constructed through Girsanov transforms, the 
dimension-free Harnack inequality, first introduced by the author in [31] for diffusion semi- 
groups on manifolds, has been established and applied to various SDEs and SPDEs driven 
by Gaussian noises, see|21iaEllIHll2Dll2Ill251l^l331l3Zll3SlESlSD]. Since arguments used in 
these references essentially relies on special properties of the Brownian motion, they do not 
apply to the jump setting. Therefore, it is in particular interesting to built up a reasonable 
theory on derivative formula and Harnack inequality for pure jump processes. 

In this paper, we aim to establish derivative formula and Harnack inequality for the 
semigroup associated to SDEs driven by Levy jump processes using lower bound conditions 
of the Levy measure. As observed in a recent paper [35], where the coupling property is 
confirmed for a class of linear SDEs driven by Levy processes, the Mecke formula on the 
Poisson space will play an alternative role in the jump case to the Girsanov transform in 
the diffusion case. Indeed, with helps of this formula we will be able to establish explicit 
derivative formulae and Harnack inequalities for a class of jump processes (see Sections 3 
and 4). 

Before move on, let us introduce some recent results concerning regularity properties of 
the semigroup associated to the following linear SDE 

(1.1) dX t = A t X t dt + a t dL t 

on M. d , where A, a : [0, oo) — > M. d <S> R d are measurable such that a s is invertible for s > 
and A, a, a" 1 are locally bounded, L t is the Levy process on M. d with Levy measure v (see 
e.g. [H[T3]). Let P t be the semigroup associated to (11. ip . i.e. 

P t f(x)=Ef(X?), i>0,x6R d ,/e^), 

where ^(lR d ) is the set of all bounded measurable functions on M d , and X* is the solution 
with initial data x. To formulate the solution, for any s > let (T s i ) t > s solve the equation 
on R d ® R d : 

T^Ts t = AfTs t, T s s = I . 
at 

Let T t = T o t , t > 0. We have T t = T s jT s for t > s > and 

(1.2) X t = T t x+ [ T Stt a s dL s: t>0. 

Jo 

By using lower bound conditions of the Levy measure z/, the coupling property and gradient 
estimates have been derived in [3U [35J El EHJ [27]. Moreover, by using subordinations, the 
dimension-free Harnack inequality has been established in [11] for some jump processes in 
terms of known inequalities in the diffusion setting, where for the log-Harnack inequality 
the associated Bernstein function can be very broad but for the Harnack inequality with 
a power the function was assumed to have a growth stronger than y/r. When A t and a t 
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are independent of t and v(dz) > c|z| _ ( d+a )d2: for some constants c > and a G (0, 2), i.e. 
the equation is time-homogenous with noise having an a-stable part, a different version of 
Harnack inequality was presented in [391 Theorem 1.1 and Corollary 1.3]: for any p > 1 
there exists a constant C > such that 

(1.3) (Ptf(x + h)f<CP t f p (x)(l+ - \ h \ Y {d+a \ t>0 ,x,/iGM d 

v (tAl)« / 

holds for positive / G ). Since here p is allowed to be 1, which is impossible even for 

the Brownian motion, this inequality is somehow stronger than usual ones derived in the 
diffusion setting. On the other hand, however, the equality does not hold even for h = 0, so 
that this inequality is weaker than those known ones for small distance. 

The remainder of the paper is organized as follows. In the next section we present two 
lemmas, which will be used to establish derivative formulae and Harnack inequalities in 
Sections 3 and 4 respectively. In particular, a new Girsanov theorem is presented for Levy 
processes using the Levy measure is presented, which is interesting by itself. With concrete 
lower bounds of the Levy measure, explicit gradient estimates and Harnack inequalities will 
also be addressed in Sections 3 and 4, which extend and improve the corresponding known 
results derived recently in [MJ ESI EZ] , see Corollaries 13.31 and 14.31 for details. 

2 Prelimilary 

Form now on, let t > be fixed, and let 

W t = {w: [0,t]^R d is ri ght-continuous with left limits} 

be the path space, which is a Polish space under the Skorokhod metric. For any w G Wt 
and s G [0, t], let 

Aw s = w s — w s _, w s _ = \imw s >. 

Let L = (L s ) se [o,t] be the Levy process with Levy measure v. Then its distribution A is a 
probability measure on 

W t := {w G Wt : {s G [0,t] : \ Aw s \ > e} is finite for any e > 0}. 

For any w G W t , 

(2-1) «;(■):= £ *(,,.) 

se[0,t],Aw a ^0 

be a (j-finite Z + fl {oo}-valued measure on M. d x [0, £]. For any non-negative function g on 
R d x [0,t], let 

w(g) = g(z, s)w(dz, ds) = £ g(z,s). 
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Now, let v > vq, where Vq is another Levy measure. We may write L = L 1 + L°, where 
L 1 and L° are two independent Levy processes with Levy measure v — vq and vq respectively, 
and A does not have Gaussian term. L et A 1 and A be the distributions of L 1 and L° 
respectively. We have A = A 1 * A . In the sequel we will mainly use the L° part to establish 
derivative formulae of Pj. 

It is well known that A can be represented by using the Poisson measure U t with intensity 

fi t (dz,ds) = l[o,t]{s)u (dz) x ds, 
which is a probability measure on the configuration space 

n 

r* := {7 := X)<W) :neZ + U {00},* G R d , Si G [0,t], 
i=l 

7({M >e}x [0,t]) < 00 for s > oj 

equipped with the vague topology, where M. d = M. d \ {0}. More precisely (see e.g. [2]), 
(2.2) A° = n t o0- 1 

holds for 



<t>(l)-=Bt+ zl M j(ds,dz)+ z\s,t]{l - yUt)(ds,dz), 7 G r t , 

J[0,t]x{|*|>l} .V[0,t]x{0<|z|<l} 

where B e i d is a constant. Since /x t is a Levy measure on [0,t] x M. d , 0(7) G W$ is 
well-defined for Ilj-a.s. 7. It is easy to see that 

(2.3) 0(7 - 5(z,s)) = 0(7) - zl[ a $, for5 (Z)S )<7, 
and by (12~T|) . 

(2.4) 7 (dz,ds) = 0(7)(dz,ds). 

This and the Mecke formula for the Poisson measure imply the following lemma, which is 
crucial for our study. 

Lemma 2.1. For any h G L x (Wt x M d x [0,t]; A x u x ds), 



(2.5) 



/i(w, z, s)A°(dw)/xt(d2;, ds) 

VK t xR d x[0,t] 

A°(du>) / h(w — zl[gj], z, s)w(dz, ds). 

Wt JR d x[0,i] 



Consequently, for Xf solving (II. ip initial data x, 

E / /(Xf + T Stt a s z)h(L°, z, s)^ t (dz, ds) 

iR d x[0,t] 

= E / /(Xf)/i(L -zl M ,z,5)L (d^ds). 

</R d x[0,tl 



(2.6) 
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Proof. Combining ( 12. 2 j) with the Mecke formula [19] (see also [23]), and using ( 12 .3p and 
we obtain 



/ h(w, z, s)A°(dw)fx t (dz, ds) 

JW t xR d x[0,t] 



n t (d7) / h((f)('y),z,s)nt(dz,ds) 

l x[0,t] 



n *( d 7) / K4>{l- s (z,s)),z,s)-f(dz,ds) 

'K d x[0,t] 



n t (d 7 ) / ^( T )-zi M )^ )S )0( 7 )(d^d s ) 

'R d x[0,t] 



Hence, ([23]) holds. 
Next, let 



A (du>) / — zl[ Sj i], z, s)w(dz, ds). 

W t JR d x[0,t] 



ip(w) = T t x+ / T s>t a s dw s 
Jo 



where the integral w.r.t. dw s is the Ito integral which is A-a.s. defined on W t . By (II. 2p we 
have 

f(X?) = f o ^(L 1 + L°), f(X? + T Sjt a s z) = f o ^(L 1 + L° + zl M ). 

Combining this with (I2.5P and noting that L 1 and L° are independent with distributions A 1 
and A respectively, we obtain 



E 



/ /(Xf + T s>t a s z)h(L°, z, 8)iH(dz, ds) 

jR d x\0,t] 



:[0,t] 

A l (dw l ) I fo^(w l + w + zl [Sit] )h(w ,z,s)A (dw°)fx t (dz,ds) 

W t Jw t xR d x[0,t] 

A^dw^A^dw ) [ f o^( w 1 + w°)h(w° - zl [sA ,z,s)w°(dz,ds) 

WtxWt JR d x[0,t] 



E 



f f{X?)h{L° - zl [s , th z,s)L°{dz,ds). 
jR d x ro,*i 



□ 



As an application of Lemma I2.1[ we have the following Girsanov theorem, which might 
be interesting by itself. 

Theorem 2.2. Let G > be a measurable function on W t xM d x[0,t] such that (A°Xfi t )(G) = 
1. Let (£,t) be a random variable on M. d x [0, t] such that the distribution of (L°,£, r) is 
G(w,z,s)A°(dw)fj, t (dz). Let 

g(z,s)= / G(w,z,s)A°(dw), 
Jw t 



which is the distribution density of (£, r) w.r.t. ji t - If Ht{g > 0) = oo and 

l{G(w,z,s)>o}g(z, s) = g(z, s), (A x fi t )-a.e. 

Then the process 

has distribution A under the probability measure Q := HP, where 



R 



G{L°,t,T){IP{g) + g{t,T)y 



Proof. Since G is the distribution density of (L°, £, r) w.r.t. A x fi t , we have G(L°, £, r) > 
a.s. Similarly, g(£,r) > a.s. as well. Moreover, it is easy to see that EL°(g) = 1 so that 
w(g) < oo. Therefore, R G (0, oo) a.s. 

Now, for any non- negative measurable function F on W t , applying (12.51) to 

7 / x F(w,+zl [s!t] ) 

h(w, z, s) = — — -±-l {G>0} (w, z, s), 

which is finite since fit(g > 0) = oo implies that w(g) > holds A°-a.e., and using 

l{G(w,z,s)>o}g(z, s) = g(z, s), we obtain 

E Q F(L° + ei M )=E W + tlMr) 



G(L°,t,T){g(£,T) + L°(g)} 

A (dw)/j t (dz,ds) 



F(w + zl [S)t] )G(w, z, s)g(z, s) 



G(w,z, s )>o G(w,z,s){g(z J s) + w(g)} 

A°(dw)fi t (dz,ds) 



F(w + zl [att] )g(z, s) A 
w t xM d x[Q,t] g(z,s)+w(g) 

A°{dw) [ F ^ w) f" ,s) w(dz,ds)= [ F(w)A°(dw). 

Wt JR d x[0,t] w \9) JWt 

This completes the proof. □ 

A simple choice of G in the above Theorem is that G(w,z, s) = g(z,s), i.e. (£, r) 
is independent of LP. To derive gradient estimate from Theorem 13.11 below, we need the 
following T-function: 

roc 

T(r) = / s r -VMs, r > 0. 



Lemma 2.3. Let A be the distribution of a Levy process with Levy measure vq which is not 
necessarily absolutely continuous w.r.t. the Lebesgue measure. Let fit(dz,ds) = i/o(dz) x ds 
on ~R d x [0,t]. Then for any non-negative measurable function g on~R d x [0,t], 



A°(dw) 1 

Wt ^w~W) 



oo 



r e 1 exp 



-//*(! - e" 



dr, > 0. 
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Proof. Noting that 



1 1 f°° 

— = / r e ~ 1 e~ sr dr s > 



it follows from (I2.2p that 
A°(dw) 



w{g) 1 



n f (d 7 ) _L 

rt 7 G?) 9 r(6>) 7 



-Mr / e - r7{9) nf(d 7 ) 



Ht{\ - e 



dr. 



□ 



3 Derivative formula and gradient estimates 

To establish a derivative formula for P t , we need an absolutely continuous lower bound of v. 
Let 

v{dz) > u (dz) := p (z)dz 

such that u (R d ) = oo. Recall that the infinity of v is essential to ensure the strong Feller 
property of Pt, which is necessary for the differentiability of the semigroup (see [22] and 
references within for criteria on the strong Feller property). Thus, the assumption ^o(l^) = 
oo is reasonable in order to establish a derivative formula of Pt- 

Let L° = (L°) 8€ [ 0| t] be the Levy process with Levy measure z/ , and let L 1 = (Ll) sG [Q it ] be 
the Levy processes with Levy measures V\ := v — vq independent of L°, so that L := L° + L 1 
is the Levy process with Levy measure v introduced above. Let M. d = M. d \ {0} and let vo(g) 
be the integral of g w.r.t. u . 

Theorem 3.1. Letv[dz) > po(z)dz for some non-negative po G W^ c (M. d ) such that Vo{dz) := 
Po(z)dz is an infinite measure. Let A be the distribution of LP given above. If there exists 
a non-negative measurable function g onW 1 x [0,t] differentiable in z G W 1 such that 



(3.1) 



cxp 



M 1 



dr + 



R d x[0,t] 



{po9 + Po|V£f| + g\Vp \}(z,s)dzds < oo, 



where V is the gradient in z G Mr, then for any f G 
VP t /(s) 



(3.2) 



-E 



E 



M d x[0,t] 



f{Xf + T s>t a s z 



(aJ 1 T s )*{L (g)V(p g) + g 2 Vp } i 



M d x[0,t] 



(L°(g) + gy 
a~ l T s y{p gVg-L\g)V{p g)} 
L°(g) 2 Po 



z, s)dzds 



z,s)L°(dz,ds) 
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Proof. Noting that the second equality in (13. 2p follows from the first and (12.61) . we only need 
to prove the first formula. 

(a) We first prove for the case where g has a compact support K. Let A = A * A 1 be 
the distribution of L. For / e & b (R d ) and e e (0, 1), let 



h e (w) = f\T t {x + eh) + j T s>t a s dw^j . 



By (II. 2p and noting that L° and L 1 are independent with distributions A and A 1 respectively, 
we have f(X? +6h ) = h £ (L° + L 1 ) and 



PJ(x + eh) = [ 
Jw t 



h^w 1 + w )A°(dw°)A 1 (dw 1 ). 

xWt 



Since T t = T Stt T s for s G [0,t], and since due to ( 13.1 ft and Lemma 12731 w(a) > holds for 
A°-a.s. w E W t , this implies 

P t f(x + eh)= f A'idw^A^dw ) [ he{wl + ™°\ 9{z ' s) w°(dz,ds) 

= r aw)a<w) / " oK+ " 0+ ^;\ T ^ lMk( ^ g) ^(dz,d g) . 

JWtxWt JR d x[0,t] w \9) 

Combining this with (12. 5 \ for A in place of A and 

./ \ h {w 1 + w + {z + ea- 1 T s h)l [Stt] )g{z,s) 

h{w, z, s) := to,, ^7~\ ' w e W *> 

(w° + zi[s,t]){g) 

we arrive at 
P t f{x + eh) 

A (dw) r A u (dw/> t (d2:,ds) 

JW/ t xRrfx[0,t] + #(z,s) 



i,, n / hoiw 1 + w° + {z + ea; 1 T s h)l [Stt] ){p g){ 



Wt 

A\dw l ) I " uv ~ 1 - 1 v ~ ; 7" y ' LB ' tjyvru3yv """ y A u (dw u )d Z ds. 

w t ywtxR"x[o J t] w (#) +9{z,s) 

Using the integral transform z z — ea^Tgh, it follows that 
P t f(x + eh) = 

(3.3) f j h ( W i + W ° + zl[ St t])(p g)( z ~^ a s 1 T s h, *) a0 

Jw t Jw t xRdxio,t] w [g) + g(z-ea- 1 T s h,s) 
Therefore, 

PJ(x + eh)-PJ(x) 



(3.4) 



/ A^dw; 1 ) f hoiw 1 + w° + zl M )$ e (w ,z,s)A°(dw°)dzds 

JWt Jw t xR d x[0,t] 



holds for 



Since 



$Jw°,z,s) := - 



9P0 , -\rp , S 

-p-—^ [z — ea, l s h,s) 



gpo 



w°(g) +g 



lim $ e (u>, z, s) 

£—7-0 



pog 



y z,s),a s l T s h 
w(g) + g I 

^w{g)V{p G g)+g 2 Vp Q 



's -"-s, 



{w(g) + g y 



z,s),h 



to derive the desired derivative formula by letting e — >■ 0, we need to make use of the 
dominated convergence theorem. Since g has a compact support and sup sg [ t ] Icr" 1 !^ < oo, 
there is a compact set K C M d such that supp$ £ C W t x K x [0,t] holds for all e G (0, 1). 
Since A°(du>) x dz x ds is finite on Wt x K X [0,t], it suffices to show that {$ e } eG (o,i) is 
uniformly integrable w.r.t. this measure. Noting that 



Po9 



< |V(p g)| Poff|Vg| < 2(p |Vp| + s|Po| 



w(g) + g w(g) + g (w(g) + g) 2 
there exists a constant c > such that we have 

i r r d / p # 



|$ e (w; u ,z, s) 



2; — ra s l T s h, s) fdr 



£ J Q [dr \w°(g) + 

/ {po|V<7| + ^|Vp |}(^ - ra^T.h, s)dr. 
Jo 



By ( 13. ip and Lemma [2731 we see that ^yA°(du;) < 00. So, it suffices to show that 

V e (z,s):=-f {p \Vg\+g\V Po \}(z-ra; 1 T s h,s)dr, e G (0, 1) 
e Jo 

is uniformly integrable w.r.t. dz x ds on K x [0, t] . Since the function s 1— » (s — is convex, 
by the Jensen inequality we have 



(* e - R) + (z, s)<- (p \Vg\ + g\V Po \ - R) + (z - rajXK s)dr. 



So, 



/ (* 6 (*,s) - i?) + dzds 



t[0,t] 

<— / (po| Vp| + <?| Vpo| _ + ~ ra^Tgh, s)dzdsdr 

e 7 K d x [0,t] x [0,e] 

= / (Po|V#| + #|Vp | -i?) + (^,s)dzds, £6(0,1), 

Jw. d x[0,t] 



where the last step is due to the integral transform z h- > z + re sA h for the integral w.r.t. 
dz. Combining this with (13. 1 P we see that 

lim sup / (^ £ (z,s) - R) + dzds = 0, 

K-K>o £e ( 0) l) JKx[0,t] 

that is, {^ E } E e(o,i) is uniform integrable w.r.t. dz x ds on K x [0,i]. 

(b) Let g satisfy ( 13. ip . For any n > 1, let g n (z, s) = g(z, s){lA(l + n- M) + } which has 
a compact support. By (a) we have 



(3.5) VP t f{x) = -E 



f ( Y *, (ts)A A^Ts)*{L (g n )V(g n p )+g 2 n Vpo} 
J{A t +e y z) 



i X [o,t] (L°(g n )+gn) 2 
Let c = e*" A ". It is easy to see that 

(a7 1 T s )*{L°(( 7n )V(^po) + gypo} ^ c{ Po \Vg\ + g\V Po \ + Po g} 



z, s)dzds 



(LV(g n )+g n ) 



< 



n > 1 



holds for some constant c > 0. Then, according to ( I3.ip . the desired formula follows from 
the dominated convergence theorem by letting n — > oo in ( 13. 5p . provided 



(3.6) 

By Lemma 12.31 and (13. ip we have 

A°(dw) 1 



A°(dw) 
w(gi) 



< oo. 



/ 

./It 



Wt w(9i) r (!) Jo 

oo 



cxp 



< 



r i 



exp 



tu (\z\ > 1) - A*t(l - e" 



dr 
dr < oo 



since ^(N > 1) < KM > 1) < oo as y is a Levy measure. Therefore, the proof is 
finished. □ 

Corollary 3.2. Let Po G W^(R d ) be non-negative such that u(dz) > P o(z)dz, and let g be 
a non-negative measurable function on M. d x [0, t] differentiable in the first variable such that 
P t(g) < oo. Then for any p G (1, oo] and f G £$b(M. d ), 



|VP t /| <(Pt\f\ p )~ p 



r(i) Jo 



exp 



Ml - e" r9 ) 



dr 



£-1 

V 



R d x[0,t] 



K ^iKfl'lVlogpol + |Vlog(po5 , )|)(^, s) I g(z,s) Pt (dz,ds) 



p-i 
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Proof. Assume that the desired upper bound is finite. Then (13 .ip holds. On the other hand, 
according to (I2.6p . for any / G ^(M d ) we have 

(3.7) PJ(x) = E f f(Xf + T att a a z) }^ Z ) 8) . dzds. 

Jw t xvt*x[o,t] L u {g)+g{z,s) 

Combining this with the first formula in ( 13. 21) and using the Holder inequality, we obtain 
|VP t /| 

< E f f(X? + T s , t a s z)\\a; 1 T s \\{(g\V\ogp \ + \Vlog(gp )\) ^ Po) }(z,s)dzds 



M d x[0,t] 



p 



<(P t |/|^(E/_ ^ H^ll^lVlogpol + IVbgfay)!))*- 1 * + ^ d/i 



Then the desired gradient estimate follows from Lemma 12.31 by noting that L o^ +g < L°M 



To illustrate Corollary 13. 2[ we present explicit conditions on the lower bound of v for the 
gradient estimate and Harnack inequality. Comparing with results in [3U [27] where the uni- 
form gradient estimates are derived, in the following result p is not necessary corresponding 
to a Bernstein function and more general LP gradient estimates are also provided. For a 
d x d matrix M and a constant a 6 1, we write M < al provided (Ma, a) < a\a\ 2 holds for 
all a G R d . 

Corollary 3.3. Let A s < aL and 1 1 cr ~ 1 1 1 < A for some constants a G R and A > 0. Let 

v(dz) > \z\~ d S(\z\~ 2 )l{ s < ro } for some constant r > and positive function S G C 1 ([0, oo)) 
such that 

\S'(r)\r 

(3.8) limsup — < oo. 

For p > 1 and k > 2 + ^zj, Zei 

Mr) = ~ / ^-^ d ^ r > 0, 



a Ar -i/ fc 



where K,(d) is the area of the unit sphere in M. d . Lf J °° e *^ fc ( r )dr < oo, i/ien there exists a 
constant c > swc/i £/iai 

|VP t /| < c(^-— ) P e-^WdrJ 

/ioWs /or / G ^(M d ) ; In particular, if S(r) = Co log e (l + r) /or some Co, e > 0, then for any 
p > 1 i/iere exists a constant c > siic/i t/iat 

|VP t /| < (PJ^exp^lAt)^], t>0 

/ioWs for all positive f G M b (M. d ). 
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Proof. Let p (z) = | ^ | ~ ^-S'C | ^ | ~ 2 ) ( 1 - an d g(z, s) = g{z) = \z\ k . Obviously, / °° e^Wdr < 

oo implies that J Rd p (z)dz = oo . Since ||S"||oo < oo implies that S(s~ 2 ) < cs~ 2 for some 
constant c > and all s < tq, we have 

(gPo)(z) < c\z\ k - d ~ 2 l { \ z \< roh 

so that Ht(g) = t J Rd (pog)(z)dz < oo. Next, it is easy to see from (13.81) that 

{#|v log pol + |viog(p O 0)l}(2) < rr? nvT' \ z \ < r ° 

\z\{r -\z\)+ 

holds for some constant c > 0. Thus, there exists a constant c > such that 

{posOVlogpol^ 1 + |Vlog(po^)|^)}(^) <c\z\ k - d ~ 2 ~^(r - \z\) +k ~^ 
holds for some constant c > 0. Since ||crJ 1 T s || < Xe as and k > 2 + this implies 

/ {lk7 lT ^ll(5 , |Vlogp | + |Vlog(p fiO|)0, s)T 1 5f(2,s)p 4 (d2;,ds) 



(3.9) 



K d x [0,t] 

< — / m(bVlogp ^ T + Vlogp <? )»-iH(z)d*< 

for some constant c > 0. Next, for r > (2/ro) fc we have 



H,(l-e-")>l / 



^|<r /2 

«(rf) /- ro/2 
"2^" 



|^|- d 5(|zr 2 )(l-e- r|2|fe )dz 



s- 1 5 , (s- 2 )(l-e- rs )ds 



«(d) /^ S(^ 2 )(l -e" 1 ) , 
> 4^ / — -ds = Mr)- 



2 k 



m Ar -v* 

2 fe 



Combining this with (13. 9p . we prove the first assertion by Corollary | 

Next, let S(r) = c log e (l + r). By the semigroup property and the Jensen inequality, it 
suffices to prove the desired gradient estimate for t G (0, 1]. It is easy to see that 

ttp k (r) > Citlog 1+£ (l + r) - c 2 t > 21og(l + r) - c 3 r 1/e 

holds for some constants ci, 02, 03 > 0. Then the desired gradient estimate follows from the 
first part of this Corollary. □ 

Note that the second estimate in Corollary 13.31 improves and extends [3U Example 1.3] 
to LP gradient estimate with better short time behavior. On the other hand, however, 
Corollary 13.31 does not provide sharp estimate for the a-stable case. In general, to drive 
sharper gradient estimates, it might be necessary to take g depending also on s. 
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4 Harnack inequality and applications 



We first investigate the Harnack inequality with a power in the sense of [31] and the log- 
Harnack inequality introduced in [331 EH] , then present some applications of these inequalities 
in an abstract framework. Recently, these type of inequalities have been established in [II] 
for some jump processes with using subordinations from diffusion processes and in [39] using 
heat kernel bounds of the a-stable process. 



4.1 Harnack inequality 

For positive measurable functions p ,g on R d , let v (dz) = p (z)dz and 



1 f°° 

t) = W)Jo / ~ lex P[-^( 1 - e ~ r9 )] dr ' 9 ^ t>0 - 



Theorem 4.1. Let a E K and A > be such that A s < al and Wcr" 1 ]] < A for s E [0, 1]. Let 

Po E W l J c (W l ) and g E W l( ] c (R d ) be positive such that v(dz) > p (z)dz and v (g > 0) = oo. 
Then for any p > 1 and positive f E ^(lR d ), 



(Ptf) p (x + h) 

p t f p {x) 



< 



< 



w t xR*x{o,t] ^w(g)+g(z) 



(pog)(z) \ fw(g) + g{z + a s ^T s h) \ ^o/^^ P 



(Po9)(z + o-^Tsh) 



exp 



Vlog( P os)||ooAe>| 1 + (A||Vy|| 0O e a |/i|)^ I 7^ 



1 \(P-1)A11 (P- 1 ) V1 

,t A 1 



p — 1 



holds for x,h ER d and t > 0. 

Proof. Since u (g > 0) = oo implies w(g) > for A°-a.e. w, the right-hand side of the 
first inequality makes sense (could be infinite). Let g(z, s) = g(z). By (13.31) and the Horlder 
inequality, we obtain 



(p t f{ x + h)y 

A\dw l ) 



w t xR*x[o,t] w"{9) + 9{z - °s T s h) 



< 



A\dw u 



h p {w l + w° + zl [s , t] )(p g)(z) 



W t xR d x[0,t] 



w°{g)+g(z) 



A°(dw°)dzds 



W t xR d x[Q,t] 



(pog)(z - o- s l T s h) \^i(w{g) + g(z)\ 5=1 



w(g) + g(z - a s x T 8 h) 



(pog)(z) 



A°(dw)dzds 



p-i 



(p g)(z) fw(g) + g{z + a s l T s h)\^i 



wtxR*xio,t] \w(g) + g(z) 



{Pog){z + o~ s ^h) 



p-i 



A°(dw)dzds 
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where in the last step we have used the transform z i— >■ z + u~ l T s h for the integral w.r.t. dz. 
This proves the first inequality. 

Next, due to the semigroup property and the Jensen inequality, for the second inequality 
it suffices to consider t G (0.1]. Then 



(4.i) (pj(x+h)r<p t r(x) 

holds for 



II' 



xm*x[o,t] w (g) + g( z 



(5 1 5 2 )^A (d W )z/ (d^)ds X 



B 1 = Bi(w, z, s) : = -— -— , B 2 = B 2 {w,z,s) :-- 



w(g)+g(z) 

Since t G (0, 1] and Hcr^T^H < \e a for s G (0, 1], we have 



Bi<1 , \g(z + a; l T s h) - g(z)\ ^ , A|| VslUe^l 



(pog)(z + (T s x T a h)' 



B 2 < exp 
Moreover, due to Lemma 12.11 



w(g) + g(z) w(g)+g(z) 
||Vlog(po^)||ooAe a |/i|l, se[0,t}. 



lw t xR d x\0,t] ^ 



C 



w t xR"x[o,tp w(g)+g(z)J w(g) + g(z) 



k\dw)v Q (dz)ds 



(4.2) 



Wt 



Wt 



w(g) 
c 

w(g) 



p_1 A (du;) 
^A°(dw) 



R d x[0,t] 



g(z) 
,t] w{g) 



vo(dz)ds 



holds for c > 0. So, it follows from (14. ip that 

(p t f(x + h)y 



< exp 



PtP{x) 

This implies the second inequality since 



p-i 



W t 



w(g) 



P- 1 AO/ 



A (dw) < < 1 + c(f- 1 ) vl 7 P0 



1 \(p-l)All 



p — 1 



(p-l)Vl 



holds for c > according to Lemma 12.31 and the triangle inequality for the norm 



11*11 



\F\^(w)A°(dw] 



Wt 



(p-l)Al 



r > 0. 



□ 
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Next, we consider the log-Harnack inequality. 
Theorem 4.2. Let a, A and p Q ,g be in Theorem 4-l\ For any positive f G ^(IR d ) ; 

P t \ogf(x + h)<\ogPJ(x) + Xe a \h\(\\V\og( Po g)\U + \\Vg\\ oo7po , g (l,tAl)) 
holds fort>0 and x, h e R d . 

Proof. Again, due to the semigroup property and the Jensen inequality, it suffices to prove 
for t E (0, 1]. Let 



n(dw\dw",dz,ds) 



A 1 (dw 1 )A°(dw°)u (dz)ds, 



w(g) + g(z) 

which is a probability measure on W t x W t x M. d x [0,t] according to (13. 3p for g(z,s) = 
g(z), f = 1 (hence, h e = 1) and e = 0. Let 

r( \ Mg) + 9(z))(po9)(z - o^Tsh) 
1 ' ' 1 (w(g) + g(z - a^T s h))(p g)(z) ' 

which is a probability density w.r.t. Q by the same reason. Moreover, using log / to replace 
/ in (13.31) with e = 1, we have 

P t log/(x + /i) = / (logh ){w 1 + w + zl [s> t])G{w ,z,s)n(dw\dw°,dz,ds)- 

Jw t xW t xR d x[0,t] 

So, by the Young inequality (see [31 Lemma 2.4]) and (13.31) with e = 0, we obtain 



P t \ogf{x + h) <log / 
= logP t /(ar) + 



WiXWtX]R d x[0,t] 

VK t xR d x[0,t] 



^(w 1 +w° + 2l [Sit] )fi(dw 1 ,dw°,d2,ds) + fi(GlogG) 



M( Z -,-^ logG(roiZiS) | A0(dro)dzdSi 



where Q(G\ogG) is the integral of GlogG w.r.t. the probability measure Q. Since for 
t G (0, 1] one has 

G(w,z,s) < exp + II V log(p g)\\J\ Xe a \h\ 

and since (14. 2D and the integral transform z i— >■ z + a~ l T s h imply that 



WtXMdx[0,t] w i9) + 9{Z ~ <*s T sh) 



w t xR d x[o,t] u>(g) + g(z) 



A°(dw)u (dz)ds = 1, 



we conclude that 

P t log/(x + h)< logP t /(z) + Xe a \h\ M|Vlog(p ^)||oc + ||V^|| C 
This completes the proof according to Lemma 12.31 



W't 



w(g) 



A°(dw] 



□ 
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Finally, we consider a specific situation for v having an a-stable like lower bound. Com- 
paring with the Harnack inequality (11.31) derived recently in [39], our result (14. 4 p is better 
for small time and small \h\, and we only need the specific lower bound in a neighborhood 
of 0. 

Corollary 4.3. Let A s and 1 1 cx~ 1 1 1 be bounded above, and let z/(dz) > /i(|z|)d2: for some 
positive decreasing function h £ C 1 ((0, oo)) such that 

(43) fi mrwr < 

Then for any p > 1 there exist two constants ci, c 2 > such that for any positive f £ 

(4.4) (P t f(x + h)) p < P t f p (x)e C2W (l + c 2 \h\T^m r 2 ^ e -ci(tM)r(h-Hr)r dr y p - 1]vl 

holds for t > 0, x, h £ Mr. Moreover, there exist constants c±, c 2 > such that 

POO 

(4.5) P t \ogf(x + h) < log P t f(x) + c 2 \h\ / e - Cl( ' A1)r(h " 1(r))d dr, x,/i£M d ,t>0 
/ioWs /or positive f £ ^(IR d ). 

Proof. Obviously, it suffices to prove for t £ (0, 1]. Let po(z) = h(\z\) and g(z) = [vpbi) = 
lvfa 1 ( .| z |- ) . Then it is easy to see from (14. 3 p that ||Vlog(pog)||oo, HVoHoo < oo. Moreover, since 

(p g)(z) = h(\z\)Al = l, if</(z)<l, 

for r > 1 we have 

r K(d)r r h ~ 1 ( r ) 

- e- r9 ) > -Mgl {g < r ^ } ) > ^y- j( a^da > c 1 (^" 1 (r)) d 

for some constants Cx > 0. Thus, for any 6* > 1, there exists constants c 2 > such that 

/■oo 

7po,s(M)<C2 / r^exp [- t Cl r{h~\r)) d ]dr 
Jo 

holds for # = Therefore, (I4.4p and (14. 5p follow from Theorems 14. II and 14.21 respectively. 

□ 

To illustrate the Corollary I4.3[ we consider z/(dz) > bco\z\~( d+a ^ for some Cq > and 
a £ (0, 2). Letting h(r) = c r~^ d+a) we have 

r F^e" Cl ' r(h (r)) dr < c't"^ 1 ) 
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for some constant d > and all t G (0, 1]. Therefore, 



(PJ(x + h)f < P t f p (x)e cW (t A 



and 



P t logf(x + h) < log P t f(x) + 



c\h 



(tAl) 



a + d 



hold for all t > 0, x, h G M d and positive / G & b (R d ). One may also derive explicit Harnack 
and log-Harnack inequalities for the case that v(dz) > c \z\~ d log e (l + for some c , e > 



4.2 Applications 

For applications of our results derived in this section, we introduce some applications of 
Harnack inequalities which are essentially organized or generalized from [33j ESI [38]. As 
most results presented below are not yet well known, we include brief proofs for readers' 
convenience. 

Let E be a topology space with Borel a-field SB, let ^(£)(resp. & b (E),&£(E)) denote 
the set of all measurable (resp. bounded measurable, bounded non-negative measurable) 
functions on E, and let C(E) (resp. C b {E), C^(E)) stands for the set of a continuous (resp. 
bounded continuous, bounded non-negative continuous) functions on E. We recall some 
notions which will be considered in this subsection. 

Definition 4.1. Let \i be a probability measure on (E^SS\ and let P be a bounded linear 
operator on SS^iE). 

{%) fi is called quasi-invariant of P, if fiP is absolutely continuous w.r.t. /i, where 
(jj,P)(A) := yu(Plyi), A G & . If fiP = fi then \x is called an invariant probability 
measure of P. 

(ii) A measurable function p on E 2 is called the kernel of P w.r.t. //, if 



(Hi) P is called a Feller operator, if PCb{E) C Cb{E), while it is called a strong Feller 
operator if PSS h (E) C C 6 (£). 

From now on, we let P be a Markov operator given by 



JE 

for a transition probability measure P(x, dy). We will consider the following general version 
of Harnack type inequality for P: 



0. 



Pf= I P(;y)f(y)»(dy), fe& b (E) 



JE 




(4.6) 



*(Pf(x)) < {P*(f)(v)}e 



x,yeE,fe^+(E), 
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where $ is a non-negative function on [0, oo) and \l/ is a measurable non-negative function 
on E 2 . In particular, the log-Harnack inequality and Harnack inequality with a power p > 1 
addressed above refer to $(r) = e r and $(r) = r p respectively. 

Theorem 4.4. Let /i be a quasi-invariant probability measure of P. Let $ G C 1 ([0, oo)) be 
an increasing function with $'(1) > an< ^ ^(oo) := lim^oo $(r) = oo ; swc/i £/ia£ ( |^.6| holds. 

(1) For any x,y E E, P(x, ■) and P(y, •) are equivalent. 

(2) // lim 2/ ^ 2 ,.{\l/(x, w) + ^(w^)} = holds for all x G E, then P is strong Feller. 

(3) P has a kernel p w.r.t. fi, so that any invariant probability measure of P is absolutely 
continuous w.r.t. //. 

(4) P has at most one invariant probability measure and if it has, the kernel of P w.r.t. 
the invariant probability measure is strictly positive. 

(5) The kernel p of P w.r.t. \i satisfies 




x,y G E, 



where $ 1 {oo) := oo by convention. 
(6) 7jfH& -1 (r) is convex for r > 0, then the kernel p of P w.r.t. ji satisfies 

I p(x,-)p(y,-)dii>e-* {x ' y \ x,yeE. 

J E 

Proof. (1) Let A G SB be such that P{y, A) = 0. Applying ( 14. 6 j) to nl A we obtain 

$(nPl A (z)) < e* (l ' jl P$(nl4i/) = e^'^O). 

Since $(r) -> oo as r -> oo, letting ra — » oo we conclude that P(x, A) = Pl^(x) = 0. That 
is, P(x, •) is absolutely continuous w.r.t. P(y, •) and vice versa. 

(2) Let / G SB^iE) be positive. Applying (14. 6 j) to 1 + e/ in place of / for e > 0, we have 

$(1 + eP/(z)) < {P$(l + ef)(y)}e^ y \ x, y G P, e > 0. 

By the Taylor expansion this implies 

(4.7) $(1) + e$'(l)P/(z) + o(e) < {$(1) + e$'(l)P/(y) + o(e)}e*^ 

for small £ > 0. Letting i/-iiwe obtain 

eP/ (z) < £ lim inf Pf(y) + o(s). 

y->x 
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Thus, Pf(x) < lim,,^ Pf(y) holds for all x G E. On the other hand, letting x — > y in (14.71) 
gives Pf(y) > lim supj.^ Pf(x) for any y G E. Therefore, Pf is continuous. 

(3) To prove the existence of kernel, it suffices to prove that for any A G & with n(A) = 
we have PIa = 0. Applying (14.61) to / = 1 + nl A , we obtain 

(4.8) $(l + nPU(x)) / e-*< x *V(dj/) < / $(1 + nl A )(2/)(^P)(dj/), n > 1. 

Since yu(A) = and fi is quasi-invariant for P, we have 1a = 0, /itP-a.s. So, it follows from 
(jMD that 

*d+"PiAW)< /it< _^ w <°°, ««=*,»>!. 

Since $(1 + n) — > oo as n — > oo, this implies that P1a(x) = for all x E E. 

Now, for any invariant probability measure hq of P, if = then PIa = implies 
that Ho(A) = /x (Pl A ) = 0. Therefore, /x is absolutely continuous w.r.t. /i. 

(4) We first prove that the kernel of P w.r.t. an invariant probability measure /j,q is 
strictly positive. To this end, it suffices to show that for any x G E and A G P1a(x) = 
implies that ijlq(A) = 0. Since P1a(x) = 0, applying ( 14. 6 p to / = 1 + nPl^ we obtain 

$(1 + nPl A (y)) < {P$(l + nl A )(x)}e q ' iy ' x) = $(l)e* ( ^, y G E, n > 1. 

Letting n-^oowe conclude that PIa = and hence, /xo(-<4) = /xo(PIa) = 0. 

Next, let fii be another invariant probability measure of P, by (2) we have d/ii = fdfio 
for some probability density function /. We aim to prove that / = 1, //o-a.e. Let p(x, y) > 
be the kernel of P w.r.t. yUo ; an d let P*(x,dy) = p(y,x)fio(dy). Then 



P*g= / g(y)P*(;dy), g G ^ 6 (P) 
Je 

is the adjoint operator of P w.r.t. /i . Since /x is P-invariant, we have 



gP*ld/2 = / P#d/i = / gdfio, g G ^ b (P). 

7? J E J E 

This implies that P*l = l,yU -a.e. Thus, for /x -a.e. x E E the measure P*(x, ■) is a 
probability measure. On the other hand, since /ii is P-invariant, we have 



(P*f)gdfio= / fPgdno = / P^ = / ^d/n = / /pd/x , 5 G ^ 6 (P). 
_b Je Je Je Je 

This implies that P*f = f, /x-a.e. Therefore, for any r > we have 

F *7TT d "" = X 7TT d "° = / E p^TT d "°' 
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When P*(x, •) is a probability measure, by the Jensen inequality one has P*j^j(x) > 
p*/ + i ( x ) an d ^e equation holds if and only if / is constant P*(x, -)-a.s. Hence, / is con- 
stant P*(x, -)-a.s. for /x -a.e. x. Since p(x,y) > for any y E E such that /xo is absolutely 
continuous w.r.t. P*(x, •) for any x G E, we conclude that / is constant /io-a.s. Therefore, 
/ = 1 /io-a.s. since / is a probability density function. 

(5) Applying (j3~5]) to 

and letting n — > oo, we obtain the desired inequality. 

(6) Let r$~ 1 (r) be convex for r > 0. By the Jensen inequality we have 



/ ^,-)$- 1 (^,-))d/i>$" 1 (l). 
Je 



So, applying H4.6[) to 

/ = n A •)) 

and letting n — )• oo, we obtain 

y p{x,-)p{y,-)df Jl >e-^ x ' y) ^(J p(x,-)$~ 1 (p(x,-))d^ >e-* (x ' y) . 



Next, by Theorem H3K1), if $01 holds then 

. , P(x, dz) 



□ 



P(y,dz) 

exists. We aim to describe this function using the Harnack inequality. For simplicity, we 
only consider the Harnack inequality with a power p > 1 

(4.9) (Pf(x)) p < (Pf p (y))e^y\ x , y eE,fe 3%{E) 
and the log-Harnack inequality 

(4.10) P(log/)(x) < \ogPf(y) + V(x 7 y), x,yeE,f>l,fe ® h (E). 
Proposition 4.5. ( |^..9P holds if and only if p x , y exists and satisfies 



(4.11) P{p%^}{x) < tffoy) 1 /^), x,y E E; 
while l \4- ICty /ioWs if and only if p x , y exists and satisfies 

(4.12) P^ogp^Xs) < i,ye£, 
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Proof. (1) Applying Q£2J) to f n (z) := {n A p^O)} 1 ^" 1 ), n > 1, we obtain 

<*(a;,2/) / {r i Ap :l ,,(^)} 1 /^P(x,dz) = ^(x,y)P/ n (x). 



Thus, 

P^^- 1 '}^) = lim P/ n (s) < ttfoj/) 1 /^). 

So, gU) implies fICTD . 

On the other hand, if (14. lip holds then for any / £ £$^{E\ by the Holder inequality 



Pf(x) = J{p x , y }{z)f{z)P{y,dz) < {PFMybU toM'^PivM) 
= {Pf p {y)) llp {Pp 1 Jt 1 \x)) (p ~ 1)lp < {PF{y)) ll ^{x, y yiv. 

Therefore, flU} holds. 

(2) We shall use the following Young inequality, for any probability measure v on E, if 
01,02 > with ^(^i) = 1, then 

^(0102) < K01 lo S 0i) + log^(e 92 ). 
For / > 1, applying the above inequality for g 1 = p x ,y,92 — log/ an d v = P(y, •), we obtain 

P(log/)(x)= / { Px>y (z)logf(z)}P(y,dz) 

J E 

< P{logp x>y ){x) + log Pf{y). 
So, f)4.12p implies (I4.10p . On the other hand, applying fl4.10p to f n = 1 + np x>y , we arrive at 
P{logp a; ^}(a;) < P(log/ n )(x) - logn 

n + 1 

< log P/n(y) -logn + ^(x,y) = log h*(a;,y). 

n 

Therefore, by letting n->oowe obtain (I4.12p . □ 

Finally, we consider the hyperbounded property and the entropy-cost inequality implied 
by (14. 9 p and (I4.10p . Let P have an invariant probability measure /1. Then || ■ \\ p ^ q stands for 
the operator norm from L p (fi) to L q (fi). Moreover, for a non-negative measurable function 
$ on E x E, and for ^(V, /x) the class of all couplings of fi and u, let 



W 9 (ji,v)= inf / y(x,y)n(dx,dy) 
wetfiv.n) J ExE 

be the transportation-cost from v to /i induced by the cost-function 
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Proposition 4.6. Let P have an invariant probability measure [i. 

(1) implies 

||"||p-^»< / — 7s, d>l. 

Je { J E exp[-V(x,y)]n(dy)} 

(2) Let P* be the adjoint operator of P in L 2 (fi). Then l \4- ICfy implies 

(P*f) log F*fdlM<Wv(fli,lM), f>0,[ fdfi=l. 



Proof. (1) Let / G @t( E ) be such that Je f P ^ = 1 - B Y W we have 

(Pfy e -*(*,v) < P/ P (y). 
Then integrating both sides w.r.t. fi(dy) we obtain 

(P/f(x) / e-*^Mdl/) < 1- 
Je 

This implies that 

f(Pf) 5p d»< I ^ j, *>1. 

Ji? { / £ ,exp[-*(a:,j/)]//(dj/)} 

(2) Let / > be such that f £ fdfi = 1. Applying (I4.10p to P*/ in place of /, we obtain 

P(logP7)(:r) < log(PP*f)(y) + ttfoj/). 

Integrating both sides w.r.t. n G ^(//x, /x), using the Jensen inequality and noting that /x is 
PP*-invariant, we arrive at 



(P*f)\ogP*fdfi= / (P\ogP*f)(x)Tr(dx,dy) 

E JExE 

< [ log(PP*f)(y)ir(dx,dy) + [ to 

JExE JExE 

< log / {PP*f){y)n{dx,dy)+ / to = / ^dvr. 

JExE JExE JExE 

This completes the proof by minimizing in n G ^(//x, /x). □ 
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